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p(x) = P(X=x)

2.xP(x) =1

F(x) =P(X< x) and f(x) = £

dx

J_O:of(x)dx =1
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4.8.2 The Negative Binomial Random Variable

Suppose that independent trials, each having probability p,0 < p < 1, of being a

success are performed until a total of r successes 1s accumulated. If we let X equal the
number of trials required, then

n—1

PIX =n) = ( B )p’(l - )" n=rr+1,... (8.2)

Equation (8.2) follows because, in order for the rth success to occur at the nth trial,
there must be r — 1 successes in the first n — 1 trials and the nth trial must be a
success. The probability of the first event 1s

-1 r—1 . n—r
(.:.l_l)P l[l_p}



and the probability of the second 1s p; thus, by independence, Equation (8.2) is estab-
lished. To verify that a total of r successes must eventually be accumulated, either we
can prove analytically that

ZP{X—H} Z(”‘l) (A - pyr =1 (83)

——y /




Another Combinatorial Identity

Combinatorial ldentity: For any k.ne M., 1 < k < n. one holds:

(D Fc it ()

It looks ~ easy, as it is!

Proof: Use that: Density f(x).xe/l <= f=0on [ and [, f(x)dx = 1.
Take arwv. X ~ G(n— k+ 1, k+ 1), so its density is

_llf"_kl::]_—_l-{::lk
B(n—k+1.k+1)"

f(x) = x> e (0,1).



Mow, use Newton's binomial formula for (1 — x)"‘, the fact that
[(n+1) = n! and see that

1 1 1
1 - f f(x)dx = f "H(1-x)"d
o Tdx =g T ke Jo ¢ (x)dx

) M(n+2) Lok (k e
T T(h—k+D)(k+1) Jo ~ k;(j){_”k xdx

r(n+2) kY, i Y
r(n—k+1}r{k+1}§(j)(_” JL X

(n+1) & eifky_ 1
(n—k}!mgﬂ(_u J(j)n—j+1_{ )




Two ldentities more:

First: Here n. k. jeM, with j< k<n and s e My, Show that

50 (e T e I 00 D o (it | s B G

= j
Story: IMO 1980, Washington. BG team, 8 full solutions.

Second: For any ne [,

n (2:‘) (En—Ef)_ﬂrn
\ n—i )

Hint: Uses E[(X7 + X3)?], X1, Xo ~N(0.1), indep. (X% ~ x%)
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8.3 THE CENTRAL LIMIT THEOREM

The central limit theorem is one of the most remarkable results in probability theory.
Loosely put, it states that the sum of a large number of independent random variables
has a distribution that is approximately normal. Hence, it not only provides a simple
method for computing approximate probabilities for sums of independent random
variables, but also helps explain the remarkable fact that the empirical frequencies of
so many natural populations exhibit bell-shaped (that is, normal) curves.

In its simplest form the central limit theorem is as follows.

Theorem 3.1 The central limit theorem
Let X1, X5, ... beasequence of independent and identically distributed random vari-
ables, each having mean w and variance o2. Then the distribution of

Xi+--+ X, — nu
ay/n

tends to the standard normal as n—oc. That is, for —o00 < a < o,

Y X, —
p | T + ”#EH

o/n

1 - o2
—.— o "’Eri . H—00
[ X A H
m’EJ'T [—-:xa



TreoREM 111 (the Erdos-Kac Theorem). For any positive infeger n > 1, let w(n)
denote the number of prime divisors of n, counted without multiplicaty. Then for any real

numbers a < b, we have

1 on) - loglog N 1 [
Im — {lﬂnéN 1€ i) - gl gb} :—/ e 1y
N0 N loglog N I J,

=1

Taking integers uniformly between 1 and N. Zeta distribution makes
It sum of independent random variables.



A stochastic process Is a martingale If
E[X+1|F,] = X.

Often we replace F, with the o-algebra generated by
Xo--- X, and write this as E[X,,|X,...X{] = X..

The useful property of martingales is that we can
verify the martingale property locally, by proving
either that E[X,,|F,] = X, or equivalently that
E[Xi1 - XdFd = E[Xa|F] - X =0



Assume now that each row of the triangular array {{,;,ili=mn 1s a martingale difference sequence, that
is, for each row n there is a filtration {55, ;lo<i<=mn) such that the sequence {<£ ;. ;}i<mm is adapted to the

filtration and
E{'fn.i |£‘E_n,i—1] = 0. (8)

Write

k k
Snk = Z <n,i and V,fp;: = E E'["ff,; | &Fn,i—1)- (9)
=1 i=1
Theorem 3. (P Lévy) Assume in addition to (8) that the sum of the conditional variances in each row is

1, thatrt is, Vr‘f meny = L and assume that the triangular array {& n,iti=mn) satisfies the Lindeberg condition,

that is, for e;t:-erjfﬁ =0,

rrrire)
lim 3 E&5 1{|En,il =6} =0. (10)

Thern as n — oo,
=
S?l,fﬂ[?l} — Nﬂrmﬂliﬂ, 1]_ (1 1]

REMARK. There are many variants of this theorem. In one of the more useful of these, The Lindeberg
condition is replaced by the hypothesis

() )
lim > E(Z,;1{|&n,:| = 8}].Fp,—1) =0 in probability. (12)

See the book by HEYDE & HALL for a more detailed discussion. In many applications the rather strong
hypothesis that V,;, un) = 1 is not satisfied. For this reason, the following variant of Lévy’s theorem (which

we will not prove) is often cited.

Theorem 4. (Martingale Central Limir Theoremnt) Assume in addition to (8) that (12) holds, and that

P
Vimmy — 1 asn — oo. Then

=8
Sn,rn[n}l —— Normal(0, 1). (13)



Rejali’s conjecture on Chromatic Number of a Random Graph
Let G, ) be a random graph with n labelled vertices {ﬂ, [,2,-+-,n—1} such
that with probability 0 < p < 1 there is an edge between any two vertices and

independent of all other edges. Fori,j €{0,1,2,---,n—1}, set Ej; to be 1 if there
S an Edg& betwen jand jin G5, / and zero {}thﬁrmw Clearly P(E;; =1)=p.

| b || number ot the graph G, , can be written as y(Gpyp) == A
| 4 E || Tt 1, |: due to I fact that we need to add a new colow

to the existing colors or not. It means Yi’s are
dependent Bernoulli distributed random variables.



s R Slalas yl o8

o3l (5 Sl S5 ga ye O 5 a1 a0 R 4u a5 (sl (a0, )
i 3l Jbes Ja 2
Dsmdg o b oidodla (b sledis) QUS dalllas o) g@ilil o (5 5830 )50 )0 Y

ac) (st a4y yh5 55 S 4 jaie 4S (i Sy ) gudgyr 5 Ol ) g g -Gl )
m

1S a8 ek 00w e 5 el S LI L Kils Jlaial 4 ylas QS 4alldas Y
Sl S8 5L L Gl 8 ) g 2d (e Sl y 40 4y S0 (il & juad 4y jaie
Al g (g0 48 sanal i GBI Cplay caad Jdalad sled | R die ) 0 S yidia axllas ¥
G 2 aia) o o apis 4 jatey il OS50 O 50 a8 (52 ena S

b bl sledl S



Probability and Other Branches of
Mathematics Jordan Stoyanov
(Newcastle/Ljubljana)
e-mail: stoyanovj@gmail.com
Berliner Mathematische Kolloquium



References

Aigner & Ziegler: Erdos Proofs from THE BOOK

Alon & Spencer: Probabilistic Method

Bass: Probabilistic Techniques in Analysis

Billingsley: Probability and Measure

Bollobas: Random Graphs

Durrett: Brownian Motion and Martingales in Analysis
~eller: An Introduction to the Theory of Probability 2
~reidlin: Markov Processes and Dierential Equations
Sachkov: Probabilistic Methods in Combinatorial Analysis
Shiryaev: Probability

Papers by: M Yor, A DasGupta, J Galambos, J-F Le Gall, M Tamaki




(1aniS 45 o) g 503 ) AT Capa s

Using information Theory for Data
Privacy

2l (39 9
a.rejali@yahoo.com



Stuart Artificial Intelligence

Russell

. O% A Modern Approach

Norvig Third Edition




	Default Section
	Slide 1: گفتگو با همکاران  
	Slide 2:  بخش اول
	Slide 3: دوران تحصیلات مدرسه ای   

	Untitled Section
	Slide 4: دوره  تحصیلات دانشگاهی
	Slide 5
	Slide 6
	Slide 7
	Slide 8: شروع کار
	Slide 9: ماموریت در دانشگاه اصفهان وشروع بکار در صنعتی  
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15:     
	Slide 16:   
	Slide 17:      
	Slide 18: نیمسال اول ۱۴۰۳-۱۴۰۴
	Slide 19: بخش دوم
	Slide 20: خواص تابع جرمی و تابع چگالی
	Slide 21: با استفاده از این فرمولها ، بسیاری از تساویهای ریاضی به دست می آیند( وقتی تابع جرمی یا چگالی متغیر تصادفی از طریق دیگر بدست می آید.)
	Slide 22
	Slide 23: Another Combinatorial Identity
	Slide 24
	Slide 25
	Slide 26
	Slide 27
	Slide 28
	Slide 29
	Slide 30
	Slide 31
	Slide 32
	Slide 33
	Slide 34

	Untitled Section
	Slide 35
	Slide 36
	Slide 37


