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Division in Z \ Procedure

Input: Two integers x and y, y > 1
Output: The quotient and the remainder of the division of z by y
if z =0 then
return (0,0);
end if;
(¢,7) := Division Z([5],y)
q:=2q
if 2 = then
r:=2r+1
else
ri=2r
end if;
if » > y then
ri=r—y
g =q+1
end if;
return (¢, R);

end;
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5 deg(r) > deg(g) 425 (5,8 (> 2.8) -deg(r) < deg(g)
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Division in K[z] Y Procedure

Input: f g € K[z] where g # 0
Output: The quotient and the remainder of the division of f by ¢

q:=0;r:=f
while » £ 0 and LT(g) | LT(r) do
LT(r
q:=9q+ LTEQ;
._ LT(r)
TI=T = )Y

end while;
return (q,7);

end;
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Procedure 3 Euclid in Z
Input: a,b € Z wherea >0 >0

Output: ged(a,b)
h:=a; s:=b
while s £ 0 do

r:=rem(h,s)
h:=s
si=r
end while;
return (h)

end;
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orlpls ged(hy, s5) = ged(s;, rem(hy, s;)) rﬁ)‘) Y-ov F‘ o Sy ol ys ged(a, b) = ged(hy, i) S
.ged(higy, Sity) = ged(s;, rem(h;, s;)) = ged(hi, ;) = ged(a, b)

5 8i =0 S 3ls 55y ie &m0 4 ﬁwﬁi” Sriobl (b 5l

.ged(a, b) = ged(h;., si.) = ged(hg,, o) = h;
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— h. =Y, 8. =Y
—r=rem(¥,Y) =), by = ¥, 5 = )
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Procedure 4 RecEuclid in Z
Input: a,b € Z wherea >0 >0

Output: gcd(a,b)
if b # 0 then

return (a)

else
return (RecEuclid(b, rem(a, b)))
end if;

end;

r:.fodo &l e dewlos 6\‘,3 ;“.5“‘/)'\.3 r:si)ji” &3 cdols! 43
23 1y el ‘.“.ﬂ”iﬂ Je el Ydr:i))ﬁ‘ wlie c‘:ﬁﬂiﬂ o) s 9 ol olil Sl Sh rJ'U
-@\J@QKGFS@QQ K|z] x>

Procedure 5 Euclid in Kz]
Input: f g € K|[z]

Output: ged(f,g)
h:==f s:==g
while S =~ 0 do

r:=rem(h,s)
h:=s
s:=r
end while;
return (h)

end;
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—he=a" =), 5. =¥ -
—r=rem(z" =V, 2" = V) =z -\, hy=2" -\, sy =2 —\
—>T:rem(xY—\7$—\):o7h\,:x—\’gY:o

— hy=ged(z" =V, 2" = V) =2 —

7 e s\ s ged(fy, - fi) = ged(fysged(fe oo i)y frs e S € Kla] s -Y=YA o158

Procedure 6 GCD in K|[z]
Input: fi,..., fr € Kz]

Output: ged(fi, ..., fr)
A = BuclidK [2](f,, f»)
for i from 3 to k& do
A := EuclidK[z](A, f;)

end for;

return (A)

end;

Procedure 7 RecGCD in K|z]
Input: fi,..., fr € Kz]

Output: ged(fy, ..., fr)
if &£ = 2 then
return (EuclidK [z](fy, f2))
else
return (EuclidK[z](f,, RecGCDK [2](fa, - - -, fr)))
end if;

end;
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S oskie Sl S5 4 05Y iSon drlne L) A B il 5 ) S b aslial b ged(f, 9) = Af + By
-C»-w‘ ng fr:.‘..ﬁj w GJL:’ c&)}ﬁ‘ w‘)ﬁ quot(f,g) )‘5:“05

Procedure 8 ExtEuclid in K[x]
Input: f g € K[z] where g # 0

Output: ged(f,g), A, B such that ged(f, g) = Af + Bg
A=1,B:=0;,C:=0;D:=1
h:=Af + By
s:=Cf+ Dg
while s # 0 do
A=A, B.=B;A=C;, B:=D

r:=rem(h,s); q := quot(h, s)
C:=A—-qC; D:=B —qgD
h:=s s:=r

end while;

return (h, A, B)

end;
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Procedure 9 Division

Input: f;,...
Output: ¢, ...

pi=f;r:=0¢q:=0;..

while p #£ 0 do
1:=1

flag := false

while i < k and flag = false do

i qe =10

if LT(f,) | LT(p) then

¢ = q; + II:TT((J{?)
Pi=p— Ty
flag := true
else
1:=1+1
end if;

end while;

if flag = flase then

r:=r+ LT(p)
p:=p—LT(p)
end if;

end while;
return (¢, ..., gk, )

end;

, fx € R and a minimal ordering <
Jqr,m € Rsuchthat f=q¢ /1 +...+qufu =7
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LT(p;) j
LT(fZ) Vit ot aifr+ (pj — LT(fy) fi)+r;j

=qyf+.. . Fafet+pit+ri=rf
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Procedure 10 Division 2
Input: fi,..., fi € R and a monomial ordering <

Output: ¢,...,qs,r € Rsuchthat f=q fi+... +qfr =7

p=fiq:=0;...;q::=0
while (p # 0) and (3f;, LT(f;) | am where am is a term in p) do

am

% =4t o
p=p— % : fz
end while;
return (qi,...,qx, p)

end;
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Procedure 11 Buchberger

Input: F={f,..., fx} a monomial ordering <
Output: A Groebner basis G for (F) w.r.t <
G =F

P = {{91,9;} | 9:9, € G, 9 # 9;}
while p £ () do
Select {g;,g;} € P
p=p\{{g:9;}}
Spoly(gi, 9j) —¢& h
if h # 0 then
P = PU{{g9:})
G:=GU{h}
end if;
end while;
return (G)

end;
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Procedure 12 Minimal Grobner Basis
Input: G, a Groebner basis for I = (G)

Output: &', a minimal Groebner basis for /
G =G
for cach p € G’ do
p:=p/LC(p)
end for;
for cach p € G’ do
if exists p’ € G' \{p} with LT(p’) divides LT(p) then
G =G \{p}
end if;
end for;
return G’

end;
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Procedure 13 Minimal Groebner Basis
Input: F ={f;,..., fr} and a monomial ordernig <

Output: A minimal Groebner basis G for (F) w.r.t <
G:=F
P:={{9i,9;} 1 9i,9; € G, g: # g}
while P # () do
Select {g:,g;} € P
P:=P\{{gi,9;}}
h := Spoly(g;, g;)
h := rem(h, G)
if h # 0 then
h := h/LC(h)
P:=PU{{gi9;} g€ G}
for g € G do
if LT(h) | LT(g) then
G:=G\{g}
end if;
end for;
end if;
end while;
return (G)

end;
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Procedure 14 Reduced Grobner Basis
Input: G, a minimal Groebner basis for I = (G)

Output: &, areduced Groebner basis for /
G =G
for cach p € G’ do
p = o \p}
end for;
return G’

end;
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t < lem(LM(gy), LM(gx))

O sl G 4 S Spoly(gy, gx) sl Gl =t G (F) 4 s
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Procedure 15 Berkesch-Schreyer
Input: A finite set /' = {f1,..., fr} € R and a monomial ordering <

Output: A Groebner basis G for (F) w.r.t <
G:={f}
B:=10
fori=2 ...k do
(G, B) := Update(G, B, f;)
end for;
while B # 0 do
Select {g;,9;} € B
B = B\{{g:9i}}
Spoly(gi, ;) —¢& h
if h # 0 then
(G, B) := Update(G, B, h)
end if;

end while;

return (G)

end;
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Procedure 16 Update
Input: Finite sets G, B and a polynomial 0 # h € R

Output: Update G,,.,, of G and B,,.,, of B
A := The minimal monomial generating set of (LM(g) | g € G) : (LM(h))
Bpew := B and G,,e,, := GU {h}
for lem(LM(g), LM(h)) /LM(h) € A do
if lem(LM(g),LM(h)) /LM(h) # LM(g) then
Bew = Bpew U {{g, h}}
end if;

end for;
return (G, Brew)

end;

r:u‘)@
(LM(g) [ g € G) : (LM(R)) = (lem(LM(g), LM(h)) /LM(h) | g € G) .
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Sl S aib ) S gl s lem(LM(gy), LM()) 4053 oS b (205 {9y, b} g5 48 (5,8) <l
ol adllls 5 Cils wals el B s {gy,gv} {9y, Bt sbag s oS sl ¢ 5 b (a5
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