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Algorithm 1 Simple Shooting Method Algorithm for Solving Differential Games

Require: Initial guess \;(¢,) for all ¢, initial conditions z(ty) = x,, time interval [to, ¢ ]
Ensure: Optimal strategies v (¢) and state trajectory z*(t)
1: while Convergence condition not met do
2: Integrate the following system of differential equations from ¢, to ¢;, using
z(to) = xo and the guesses \;(to):
T = f(t,z,uj,..,uy)
N = =2 4 p,\, forall i
where u; = argmin,, H;(t,z,u], ..., u]_1, w;, U 1, ..., Un, Ai)
Calculate the error in the final condition: E = [\;(t;) — 0¢;/0x(x(t;))] for all ¢
if |[F| < e then
return w;(t), z*(t)
else

N AU

10: Update the guess \;(ty) using Newton’s method or an optimization algo-
rithm

11: end if

12: end while




Bl Sbp by, V.0
a;pm%asw@;?@uﬁ ooy 33 1 815 ol S 5 sl sl Hlos a5l = 0 o3l SB 0 S
Olgea Sl gla e 5 Il slis 05 2 45 das e 2alS ) I ol o3l M@ [t, ty] Sl
L g o LN () wtngy tinn 3528 Ol 50 o3l o (Sonseg Lol o 5 5o 05, 0 55 o (gl o
[4]
zZ . . N .
oy B s o Bl g Salins (2513 Sl eslil o ol Son oy g0 53 Vb 233 1Ll @

Qs 3l 353 Jlasl 651585 cads) ok & ol (@l S S pdGie 4 0L slas @
1] OLsLske s b (S

(MADDPG) [blosor s 580k 5 foon s 5V

Jie & 5L Lt cpl s e 550 e s o  SeudIS i) slacas sdoms ke )
L] ols 5L YL sl b a5 e 5 L5106 (Model-free) Slus
MADDPG ¢y, 81 V.7.¥

Sl ml (50 sl By p e geoms 31 (S b (bme (Y01V) OLSen 5 o a5 oS 0, S
sl "l (G338 et i (6,500 (5luns S " O el ool L[0] sl Joledir (sladases 55 a5

)\ 0; dl)u‘ sdalin U”L-”‘J-’ &S ol (szv)b) ,Ui(oi) rL"\J e &..J gii 6\)\5 Zugz')L’Jh :O‘Ji,'jlf o

odalin U oS 5,05 Q¥ (01, ..., 0, U, oy ty) S S0 SO i 5S05b 2 (5,00 Al e aiglsls @



Algorithm 2 MADDPG Algorithm for Differential Games

Require: Number of players N, actor and critic network architectures, hyperparame-
ters
Ensure: Learned policies y; for each player
1: Initialize actor network parameters 6/ and critic network parameters 62 for each
player

2: Initialize target network parameters 6/ « 6", 69 < 69
3: Initialize experience replay buffer D
4: for episode =1 to M do
5: Get 1nitial state z,
6: fort=1to7 do
7: For each player i, select action u; = p;(0;) + exploration noise
8: Execute actions (uy, ..., uy) and receive rewards (r, ..., 7y ) and next state z’
9: Store experience (z,uy, ..., un, 71, ..., "N, ') IN D
10: x <+ 2
11: end for
12: for playeri=1to N do
13: Sample a random minibatch from D
14: Update the critic network by minimizing the TD error:
yi =i +yQf (2, 11 (01), .., piy (0y))
15: Update the actor network using the policy gradient ascent:
Vi d % B [ Vo 13(00) Vo QUG 01, o0 (o)
16: end for
17: Update the target networks with rate 7:

0 0! + (1 —7)0Y

6’?/ — TQZQ +(1-— T)QQ/

7

18: end for
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Abstract

This work focuses on the optimization of dynamical systems, with particular empha-
sis on differential games. In today’s complex world, many systems involve multiple
decision-making agents, each pursuing distinct and sometimes conflicting objectives.
Traditional optimal control methods, which are designed for a single decision-maker,
are often insufficient for modeling and controlling such systems. Differential games
therefore emerge as a powerful framework for analyzing strategic interactions among
agents over time.

The world around us is full of dynamic systems and intricate interactions among
decision-makers. Examples include producers and consumers in financial markets,
competition among business firms, military engagements between opposing forces,
and even urban traffic among drivers. In all of these settings, each agent—whether
a human, a company, a robot, or a software system—seeks to optimize its own per-
formance. However, this optimization is not independent, since the outcome for each
agent is strongly influenced by the decisions of others.

Game theory, as a branch of applied mathematics, provides powerful tools for ana-
lyzing such strategic interactions. In static settings, games are typically represented by
payoff matrices. Many real-world problems, however, are inherently dynamic, with the
system state evolving over time. To model these processes, differential games, which
combine game theory with optimal control, provide an appropriate mathematical frame-
work.

Diftferential games were first introduced by Rufus Isaacs in the 1950s in the context
of military applications, particularly pursuit-evasion problems. Since then, the field has
developed significantly and has found applications in economics, management, politi-
cal science, biology, engineering, and artificial intelligence.

Keywords: Dynamical Systems, Optimal Control, Differential Games, Nash Equi-
librium, Dynamic Programming, Pontryagin’s Maximum Principle, Multi-Agent Rein-
forcement Learning
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